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Fixed Interval Smoothing: Revisited

Stephen Ralph McReynolds*
General Electric Company, Philadelphia, Pennsylvania 19101

Gaps in the derivation of early fixed-interval smoothers are filled in. Particular attention is paid to the use of
the variational approach introduced by Bryson and Frazier. The notion of complementary models introduced by
Weinert and Desai is used to provide an immediate derivation of the continuous Rauch-Tung-Striebel (R-T-S)
smoother from the continuous sweep solution of the Bryson-Frazier two-point boundary-value problem. The
discrete version of the sweep is also derived, which leads to a fundamental simplification of Bryson’s discrete
algorithm discovered by Bierman. Relatively new transformations of the R-T-S smoother that may offer some
computational advantages are also discussed. Computational comparisons of different algorithms are given. A
simple derivation of Bierman’s smoother for the mixed continuous discrete problem is given.

Nomenclature

A = 2n x2n matrix defined by Eq. (13), used in the
continuous two-point boundary-value problem
(TPBVP) [Eq. (14)]

B = n xn symmetric matrix defined by Eq. (98), appears in

the propagation of Af [Eq. (97)]; alternative

expressions are given by Egs. (99) and (107)

smoother gain in Rauch-Tung-Striebel smoother

[Eq. (108)] ‘

n X n matrix defined in Eq. (30), which appears in the

differential equation for A* [Eq. (29)]

expectation operation

n X n dynamic matrix appearing in continuous system

dynamical equations (1)

n X r process noise input matrix appearing in

continuous system dynamical equations (1)

Jacobian of the measurement with respect to the state

[Eq. (5)]

identity matrix

negative log likelihood function [Eq. (9)]

Kalman Gain [Egs. (101) and (103)]

PF [Eq. (124)] '

2n X 2n system matrix, defined by Eq. (18) that

appears in differential equation for P(¢) defined by

Eqgs. (16) and (17)

covariance of the innovation, given by Eq. (100)

dimension of state vector

an n X n covariance of state vector estimate; also

2n X 2n covariance of [x(¢), N(¢)], defined by Eq. (16)

dimension of measurement noise

process noise covariance (r X r)

n vector defined by Eq. (121)

measurement noise covariance (p Xp)

dimension of process noise

n X n symmetric matrix, defined by Eq. (11); represents

information matrix for a set of measurements

t time

V = n xn matrix defined by Eq. (84) that appears in Eq.
(83) for N '

v = measurement noise, dimension = p

w = process noise, dimension = r
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Xx = state vector, dimension = n
Y = n X n matrix, defined by Eq. (12)
y = r vector defined by Eq. (123)
z = measurement vector, dimension = p
T' = n X r matrix that appears in discrete dynamical equation
(3) as coefficient of process noise
& = transition matrix [Eq. (12)]
. A = adjoint vector
A = covariance of adjoint vector
v = innovation of predicted residual [Eq. (31)]
6 = dirac delta function
A = r Xr matrix defined by Eq. (119)
¥ = n X n matrix defined by Eq. (92) that appears in
backward equation for A [Eq. (96)]; an equivalent
expression is given by Eq. (93)
Superscripts
D = dual of
F = filtered
P = predicted
§ = smoothed
T = transposed
~ = error in
Subscripts
k = discrete or sampled time
n = final
= initial

Introduction

HE modern state-space smoothing began with the famous
paper by Bryson and Frazier! that addressed linear and
nonlinear continuous probiems. The Bryson-Frazier smoother
computes the solution to the state-space estimation problem
addressed by Swerling,? Kalman,? and Kalman and Bucy.* The
original Bryson-Frazier smoother, which shall be reviewed
here, differs from the smoother algorithms that later appeared
in Bryson and Ho.>% The original solution, as pointed out by
Saaty,’ is numerically unstable. The value of the original for-
mulation was to introduce modern control techniques to the
solution of the smoother problem. The use of an adjoint vector
enabled the smoothing problem to be converted to a two-point
boundary-value problem (TPBVP). The solution technique
formulated by Bryson and Frazier required the generation of
a fundamental solution of a (2 X 2n) (n = dimension of state)
set of unstable linear differential equations.
Later, as noted by Fraser,® Bryson, in a set of class notes,
applied the sweep method®!®!! to reformulate the solution
that required only (n2)/2 set of stable linear differential equa-
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tions. In the new formulation, the discrete smoothing problem
was also addressed. Curiously, the derivation of the discrete
adjoint smoother is absent from the literature.

Prior to the book by Bryson and Ho,’ the famous paper of
Rauch et al.!? manipulated Bayesian probabilities to derive
another smoothing approach (R-T-S) that did not explicitly
involve the use of adjoint variables. The algorithm was derived
for the discrete case, and invoking the use of a limiting pro-
cess, the authors stated the smoother algorithm for the contin-
uous problem without proof.

Other approaches to the smoothing problem were ad-
dressed. In particular it should be noted that Mayne, |3 Fraser,?
and Potter and Fraser'* developed the two-filter approach to
the fixed-interval smoother. Fixed-point and fixed-lag smooth-
ers were developed. Many approaches were developed for the
nonlinear problem. In this paper we do not wish to address
these other contributions, which are deftly summarized in the
paper by Meditch.!’

We also wish to avoid the discussion of factorized methods,
i.e., square root, U-D, that are used to enhance numerical
stability of both filters and smoothers. The reader interested in
these techniques is directed to the work of Bierman!®!® and
Watanabe and Tzafestas.?

However, there were several other contributions that are of
interest in this paper. First of all there is the paper by Bier-
man,'® who addressed the mixed continuous-discrete problem,
i.e., continuous dynamics with discrete measurements. The
solution has particular interest in that it permits the solution of
a practical problem in a way not addressed by other algo-
rithms. However, easily overlooked by the casual reader, Bier-
man’s algorithm provides another solution to the discrete
smoothing problem that is significantly more elegant than the
discrete ¢‘Bryson-Frazier”’ algorithm in Bryson and Ho.’

Another contribution of interest is in the notion of ‘‘comple-
mentary models’’ introduced by Weinert and Desai.!” As we
shall see, the notion of complementary models will be used to
establish a duality relationship between the adjoint smoothers
(developed by Bryson, Frazier, and Bierman) and the R-T-S
smoother. This duality relationship will permit one to write
down the continuous R-T-S smoother from the continuous
Bryson smoother and vice versa.

Other algorithms of interest are based on transformations
of the R-T-S smoother, which transform the covariance prop-
agation into sum of squares. Bierman'® proposed such an
algorithm for problems with one process noise component.
Although one can handle more components by repeating the
rank 1 noise algorithm, this becomes computationally ineffi-
cient. A better approach is to adopt the equations developed
by Watanabe and Tzafestas.?

The basic purposes of this paper are historical, theoretical,
and practical. Historically, we wish to review the original
Bryson-Frazier algorithm, which was never published in the
open literature. Theoretically, we wish to present derivations
of the various discrete smoothers, which are absent from the
literature. We also wish to show how the use of complemen-
tary models can provide a trivial derivation of the continuous
R-T-S smoother (also omitted from the literature) based on the
continuous Bryson smoother. On the practical side, we will
compare the computations involved with various dlscrete
smoothers.

The Problem

The smoothing problem consists of the construction of the
best estimate of the state of a system over a time period using
all the measurements in that time interval. The areas of appli-
cation consist usually of nonreal-time applications, as opposed
to the real-time applications that are concerned with filters. A
typical application of smoothers is in the postflight construc-
tion of a trajectory or altitude profile of a spacecraft in order
to support the integration of data from a space-borne sensor.

The problem to be considered is the classic smoothing prob-
lem for a linear system driven by white noise, given linear
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measurements corrupted by white noise. We shall address both
the continuous and discrete (or sampled) problems.

Assuming that all variables are Gaussian, the optimal solu-
tion can be formulated as the problem of calculating the con-
ditional probability of the state vector, given a set of measure-
ments. In the absence of the Gaussian assumption, the algo-
rithms considered will provide an unbiased estimate with min-
imum variance.

Several theoretical approaches can be used to derive
smoothing algorithms. The method employed by Rauch et al.'?
was to employ the manipulation of conditional probabilities.
Other early approaches favored a control oriented approach.
Among these we can distinguish the ‘“‘variational approach”
employed by Bryson and Frazier and the dynamic program-
ming approach employed by Mayne.!? In this paper, we shall
view all algorithms as derived from the variational approach.
The variational approach is distinguished by the presence of
Lagrange multipliers, which transforms the problem into a
TPBVP. It is hoped that such an approach will provide addi-
tional insight into the nature of the solutlon provided by other
theoretical approaches.

Let

x(¢) = n dimensional state at time ¢ (continuous time)
Let the continuous dynamics be designated by
x(t)=F()x(t) + G(H)w(t)
F(x) = n x n dynamic matrix
G(t) = n X r noise input matrix
w(t) = r dimensional vector of dynamic white noise
E{w()]=0 )
Q)é(t 1) )]

Q(t) = r X r positive symmetric matrix

Elw(wT(n] =

8 = dirac delta function
The continuous measurements are given by
() =H()x() + v(t) 3)
H(t) = p X n measurement matrix
v(t) = p vector of white noise
E[v()]=0 (“4a)
E[v(t)vT(s)] = R(1)d(t —s) (4b)
R(t) is p X p position definite symmetric matrix.
Discrete dynamics involving the sampled state vector x, are
given by
Xie1 = Opxy + Towy
&, =nxn, Ty=nxr 5)
w; is r vector of discrete white noise.
E[w]=0
Elw;w[] = Qudjx ©)

QO is an r X r symmetric matrix (positive semidefinite).
Discrete measurements are glven by

e = Hpxy + vy Q)
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H; = p X n matrix
v, = p vector of discrete white noise
E[v]=0 (8a)
E[viv] 1= Ry;dy (8b)

R, is a p X p positive-definite symmetric matrix.

In the discrete filter/smoother problem, a discrete system is
given with a set of discrete measurements {z,|k=1,...,N}.
Let an estimate of the initial state at ¢y be given and denote it
by Xy. The error in this initial estimate is assumed to be Gaus-
sian with zero mean and covariance P,. The filtered estimate at
time # is designated by x/, and is defined to be the *‘best
estimate’’ of x; given all the measurements {z;|k=1,...,/]}.

In contrast, the smoothed estimate at #;, j€[0,N] is to be
defined as the best estimate at #; using all the measurements
{zilk=1,.. . ,N]. The “‘best estimate,”’ denoted by &7, rep-
resents the maximum likelihood estimate or conditional mean,
which are the same for this problem. One wishes also to calcu-
late the respective covariances of these estimates, denoted by
P;.

IMost of the implemented filters process measurements se-
quentially forward in time so that they produce the sequence
{25 ,PF,k=1,...,N}. In contrast, most smoothing algo-
rithms proceed backward in time producing the sequence
{X,,P;,k=N,...,1}, with the initial smoothed estimate at N
being provided by the filtered estimate at N. The reason for
the filtering sequence follows from the fact that the a priori in
Xo specifies the initial conditions of the filters. On the other
hand, the final conditions of the filter specify the initial condi-
tions of the smoother.

The formulation of the continuous filter/smoother problem
is similar to the discrete problem except that continuous mea-
surements and dynamic models replace the discrete models. In
the mixed continuous-discrete problem the dynamics are con-
tinuous and the measurements are discrete.

Bryson-Frazier Smoother

In the Bryson-Frazier paper, the continuous problem of
smoothing was formulated as a maximum likelihood estima-
tion problem, converted to a linear-quadratic control problem.
The object of smoothing was to find x(¢)(f,<t¢ <t,) to mini-
mize the performance function

J= [x(to) —30] TPyt [x(to) —:‘ro]

+ [[N[z —H(t)x(t)] TR-1 [z —H(t)x(t)]

Jig
+wTQ~'w dt ®)
Subject to constraints
x=F(x)x()+ G()yw(?) (10)

The similarity between the estimation and control problem
has been noted by Kalman® and Bryson and Ho® (p. 370) and
is referred to as a ‘‘duality”’ relationship.

Formally, if the measurement noise and process noise were
white noise, the integral J [Eq. (9)] would become infinite.
However, as white noise can be formulated as a limiting case
of nonwhite noise, we involve the implicit use of such a limit-
ing process in the theory, thus deriving deftly the correct re-
sults while avoiding stochastic calculus.

To solve this problem, standard calculus of variation meth-
ods used in optimal control were introduced. A set of ‘‘adjoint
variables’” A(#) corresponding to Lagrange multipliers to the
constraint given by Eq. (10) were introduced and were used to
convert the problem to a TPBVP.
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Let us introduce the notation

SZHTR'H (¢3))]
Y £ GOGT (12)

F Y
Az [s —FT] (13)

Then, the TPBVP derived by Bryson and Frazier® is

% xs 0
MR | ] o

with boundary conditions
N(in)=0

2(10) — PoM(10) = X(t0) 15)

From these equations, a TPBVP for the expanded covariance

Py (1) Px)\(r)] 2P(NEE [xs(t)] ["35!)"51(')] 16
I:PXx(t) N M) (16)

was derived

P=AP +PAT+ M a7
where
Y| O
2 18
M [0 I S] a9

P(t)is a 2n X 2n (symmetric) matrix that must satisfy bound-
ary conditions

Py (n)=0 (19a)
Pu(tn)=0 (19b)
Py (to) — PoP (1)) — Pa(to)Po + PoPaw(t)Po= Py (19¢)

To solve this problem, a particular solution was introduced,
which was shown to be equivalent to the Kalman filter. This
provided the optimal smoothed solution for x(fy) and Py (Zy),
which converted the problem to an initial value problem. Thus
the smoothed solution was generated by integrating the
n +4n? differential equation given by Eqgs. (15) and (18) with
boundary conditions

Ain) =0 (20a)
25(tn) = 2F(xn) (20b)
Py (tn) = PF(ty) (20¢)
Pa(tn) =0 (20d)
Pa(tn) =0 ’ (20e)

This author is not aware of any significant applications of
this algorithm, for if one tried to implement it, one would find
the combined equations unstable.” The significance of this
algorithm was the theoretical approach, which led to a two-
point boundary problem.

Sweep Solution to the Bryson-Frazier TPBVP

To solve this problem in a more stable manner required the
“‘sweep method”’ developed by Bryson and McReynolds.>>!!
With the sweep method, Bryson was able to attack the discrete
smoothing problem as well as the continuous problem. These
equations were placed in class notes of courses Bryson taught.
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A version appeared in Fraser’s 1967 doctoral thesis® for both
the discrete and continuous smoothing, along with Fraser’s
derivation of the continuous smoother. Different versions of
these smoothers appeared in Bryson and Ho® with some print-
ing errors, some of which were corrected in Bryson and Ho.®

In the sweep approach, a vector (¢) and matrix P(¢) are
chosen so that 1) the relation A(#)=P 1(O)[x(¢)—%(¢)] or
x(t)—X(t)=P(t)A\(¢) is an invariant of the optimization equa-
tions (14), and 2) the P(#,) = Py,%(%,) = X,. This implies that any
solution of the TPBVP must satisfy requirement 1 and con-
versely, if 1 is satisfied and the proper boundary conditions at
the final time are satisfied, the solution will be the optimal
smoothed solutions.

To make the equation invariant, we can choose P(t)
= PH(1),%(1)=&F(¢), NF(¢) = 0. So one can see that requirement
1 will be satisfied by the particular smoothed solution that ends
at t. The important point is that ! must hold for all smoothed
solutions for fy =¢. Thus we write

() = P00 -2 0)] @

Thus generating A%(¢) is key to obtaining %%(¢) through the
preceding relationship, which can be inverted to become

£5(2) = 2F(1) + PF(oYN(D) (22)

This relation can also be used to generate the smoothed covari-
ance. One needs the property

E[(0¥ ()] = Pty @3)
This implies
cov[#(6)~20] = P(¢) - P(2) 4)
Thus defining
A(0) = E[NO@M)T| @5)

One has, from Eqgs. (21) and (24), the relation
a0 = PF 0[Py -Pi)| P (26)
Solving this equation for Ps(¢) gives
Ps(t) = PF(t) — PF(0)AS(6) PF(2) @7
Thus, one can derive P5(¢) once AS(¢) is obtained [having
saved PF(1)].

One should also note an interesting property of A%(¢), noted
by Fraser,® namely that it is orthogonal to the error in x5(¢).

E [)\‘(t)ic‘(t)r] =PF'(t) [E (ch(t)scs(t)) ~E [FcF(t)i:s(t)]]
=0 @8

To obtain an expression for A%(¢), one uses Eq. (22) to
substitute for x in the differential equation for A* obtaining

M= —D(ON()—HTR ~'u(¢) 29)

where :
D) 2 F(t) — S(OHPF (1) (30)
v(t) =z — HRF(1) €2)]

»(?) is the innovation process that feeds the filter. The »(¢) is
white noise with the statistics

E [v(t)] =0 (32)
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E [v(t)vT('r)] = R()S(t — T)] (33)

The preceding equation for A%(¢) is the linear stochastic differ-
ential equation for x where the following duality relationships

exist:
A(H) - x(2) 34
R"W(t) »Tw(z) 35)

To obtain full duality, one must also reverse time, as the
differential equation must be integrated backward in time.
Thus, introducing

T=Iy—1t (36)

The differential equation for A\* is given by

1—);8 =DT(ON(t) — HT($)R ~'(t)» 37
This leads to the following other dual relationships
DT(t)~F(t)
—HT(t)~G(1)
R()~Q() (3%

Using these relationships, one can transform the time predic-
tion formula for the covariance of x, namely,

P=FP+PFT+Y 39)
to one for AS(¢)
dAs -
O (1) = DT()A(2) + A3()D(t) + S(¢¥) 40)

This, and the boundary conditions A(¢y)=0 from Eq. (15),
generates AS(¢).
In terms of time ¢, Eq. (40) becomes

A= —DTA*—AD - § 41)

This equation was carefully derived by Fraser.?

The minus sign of the last term seems unusual as there is
a plus sign in front of Q in Eq. (39). However, it is clear that
a minus sign is necessary to ensure AS(#)=0. Note that
As(1)= — A(?) [Eq. (13.3.10) in Ref. 6].

Covariance Propagation Fixed-Interval Smoothers

In the covariance propagation approach to fixed-interval
smoothing by Rauch et al.'? the smoothed covariance is prop-
agated directly, without use of adjoint variables. The result
was first developed for discrete problems by manipulating con-
ditional probabilities. The formulas for continuous problem,
stated but not proved,!? can be derived by applying a limiting
process to the discrete problem. Another approach to proving
the continuous result, suggested by Bryson and Ho, is to dif-
ferentiate Eqs. (22) and (27). A more direct proof is to use the
technique used to derive the continuous adjoint smoother.

Using Eq. (21), A%(?) can be eliminated from the equation
for %5 to obtain

$5= Fs + Y(t)PF"(t)[ks(t)—.%F(t)] “2)

To obtain the equation for P5(¢), we exploit the derivation of
the continuous adjoint smoother. Let us subtract the equation
x=Fx + Gw from the equation for %* to obtain the equation
for ¥¥=%°—x. Thus the joint equations for ¥* and A° become

X F Y ||® —Gw
[is]=[s —FT][XS]+[—HTR—'V] “@
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We note that there is a similarity in~the roles of ¥ and }s. In
fact, let us perform the change ¥+~ A%, writing the preceding
equations as

»| [-F7 s|[»] [-H™R-!

ol = g ’ @4

x$ Y F|[X -Gw
Now, if A’ is treated as a state variable, ¥ has the form of its
adjoint variable. Thus one can construct an estimation prob-
lem for which A’ represents the state vectors and ¥° represents

the adjoint vector. This problem can be constructed by exploit-
ing the “‘mutually’’ dual relations

Ao i
Feo —FT
YoS
R Yyow
R-'wQ
HT-G (45)

This observation was first made by Weinert and Desai,!” who
use these dual relations to derive smoothing results. They re-
ferred to this dual estimation problem as ‘‘complementary
models.”’

The duality relationship indicated here is distinct from that
mentioned earlier with regard to estimation and control. In
that duality, there is a unique 1:1 correspondence between
quantities in both problems. In this duality relationship, we
established a 1:1 correspondence within a problem. This corre-
spondency further more has the ‘“mutually dual” property
that if one quantity in the original problem, say Y, is assigned
a quantity in the other problem, namely S, then S in the
original problem is assigned Y in the complementary problem.
Thus, the complementary problem of the complementary
problem is the original problem.

Thus, using these dual relationships, the equation for co-
variance P4(¢) is given by the dual of the equation for AS(¢).
The dual expressions for D are given by

DD = FD — §D(pF)-1
= —FT(t) - Y())P(1)! (46)

Thus,
Ps=(=-DP)TPs—PS(DP) - Y @7

This expression, together with Eq. (42) for x° and the bound-
ary conditions, completes the definition of the continuous ver-
sion of the R-T-S smoother.!2

Another way of expressing this is as follows: The covariance
propagation smoother of the complementary model is equiva-
lent to the adjoint smoother with respect to the original prob-
lem, and conversely, the adjoint smoother of the complemen-
tary problem is equivalent to the covariance propagation
smoother of the original problem.

Derivation of the Discrete Smoothers
Using Adjoint Theory
Let the performance index to be minimized be given by

N
Inv = Y (zi—Hx) R (zi —Hx)) + w/ Q7 'w;

i=1

+ (%0~ %0) TPy ' (%0 — %o) (48)
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subject to the dynamic constraints
Xiv1= <I>,-x,- + F,’W,' (49) ‘

Jy is the negative of the log likelihood function.

Introducing Af,, as the adjoint variable (Lagrange multi-
plier) for this latter constraint, the following discrete TPBVP
can be derived using variation techniques.3

W= QT (50)

X =& N, — H'R ' (z; — H&}) 61))]
Xl =98] + YAl (52)

Y, =T.Q,T] (53)

§=P5 (X5 —%0) (54)
Avs1=0 (55)

The %, is referred to as the a priori estimate of x,; Py is the a
priori covariance, i.e., covariance of &,. The superscript s de-
notes the smoothed solution. The smoothed solution at N will
be the same as the filtered solution, denoted by superscript F;
i.e., 25 denotes the filtered solution at time N. The solution at
N +1 will be the one-step prediction, denoted by X%, .

Written as a function of xu., the optimal value of Jy can
be written as

o -1 oP
TP (XN1) = (e =R DPET I (v — &R 0)
+ terms not depending on xx.,

The PJ, , is the covariance of %, ;. The preceding statement
follows from basic rules derived concerning Gaussian distribu-
tion and the fact that 5, , is the maximum likelihood estimate
of xyi1-

From variation principles one has

ISP

=2\[ 56
6xN+1 N+1 ( )

On the other hand, one has

SIP N
S = 20— %R ) PR (7)
XN+ 1

Combine Egs. (56) and (57):

i1 = PETIRN v — &R (58)

One can indeed see that the optimal condition A}, ,=0 [Eq.
(55)] when &3, ; =%, ;. Now we shall prove that the preceding
relationship can be applied to any point on the time grid, i.e.,

% = [PE17 %% — %] (59

holds for all k, k€ [0, N +1].

Another proof of Eq. (59) will be developed based on the
variational equations.

Defining

P§ =Py, %6 =x (60)

we see that Eq. (59) is equivalent to the boundary condition
given by Eq. (54). Now we shall prove Eq. (59) must hold for
all k by induction. Assume

X = [PF17(&; - %) (61)
To simplify the derivation Eq. (51) is modified.
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Define
v =2 — Hif‘f" (62)

v; is the predicted residual (or innovation) at /. Using »;Eq. (51)
can be written as

X =@N. —HR 'y + (%] —%F) (63)
where
S; = HR;'H; (64)
Now, introducing Pf (the filtered covariance)
PFlzprlys, (65)
and £f (the filtered estimate)
2250 + PFHTR 'y, (66)
Then using Eqgs. (61), (65), and (66), Eq. (63) can be written
(P 'xf =371 = @] My + (PR [R —2F) 67N
or
% - & =Pfe]N,, (68)

Multiply Eq. (68) by ®; giving

&} — oxf = &,PF O], | (69)

Now define
2 eRF 70
Using Eqgs. (70) and (52) in Eq. (69)
x4 _iﬁ] = [q:'iPin’iT"' YN, n
Thus defining
PLi2&Pfe] + Y, (72)
Eq. (71) is Eq. (59) for k =i + 1. This completes the induction.

It should be recognized that Eqgs. (62), (65), (66), (70), and
(72) are equivalent to the discrete Kalman-Bucy* filter. Eq. (65)
is the Gaussian least-squares update of the covariance, origi-
nally suggested for sequential processing by Swerling.?

The preceding equations can be used to derive various
smoothers. Eq. (59) is the key equation. To derive the discrete
version of the adjoint smoother, it can be used to derive &}
from knowledge of Aj

X =%+ PON (73)

To develop a formula for the smoothed covariance, we intro-
duce the covariance of Aj:

i 2 E[M0o0)T] 74)
Now, transposing Eq. (59) gives
N =@ -2DTIPA! (75)
Multiplying Eq. (59) by Eq. (75) gives
NN = (PP) (R, — D)L —%D)T(PD)! (76)

We wish to take expectations of Eq. (76) using the relationship
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[see Eq. (24)]
E[(3% —*f )%~ %D)7] = P{ - P 7

Thus, taking expectations of Eq. (76), using Eqgs. (74) and (77),
gives

% = (PO\(PL-POPD™! (78)
Solving this equation for P} gives
Pi=P{ - P{NP{ (9
The discrete adjoint smoother consists of developing propa-
gation equations for A, and A, and using Egs. (73) and (79). To
obtain £ and P§ initially
ANit = 0
AN =0 (80)

Using Eq. (73) in Eq. (63)

N=8TN,, -SPPX + H'R !y 81)
ViN = TN, + H/R 'y, (82)
X =V @M, +HIR ') (83)
where
V,21+SPF (84)

Then from Eq. (83)
X =V TN, + Vi HIR My 85
To compute V;!, we use the identity
(Pf1-'=8; + P17} (86)

Multiplying this equation on the right by P7 and using Eq. (84)
gives

[PA1-'PP =SPF +1=V; (7))
Thus
vt =1PP1-'Pf (8%)
Multiplying Eq. (86) on the right by Pf gives
I=S.PF +[PF1-'PF 89
or
Vil'=I-8§PF=I-HK! (90)
Now substituting Eq. (90) for ¥,~! in Eq. (83)
i = =SP[)@ N +HIR; ') on
This is equivalent to Eq. (13.2.9) in Bryson and Ho.’
To derive an expression for the propagation for A;, it is
convenient to introduce the modified transition
¥, 2 &,(I-PFS) 92)
Equivalently,

¥; = ®,({ -K;H) 93)
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Then Eq. (83) can be written
X = YN+ VO HR Y 94)
One can also show
VIHIR ' = (I-S,PHYHTR;™ = HTR' — SiK;
=(P[)'K; — SiK; = (PP)7'K;
=HN! 95)
Thus, Eq. (94) can be written as
X =¥\, —HN 'y (96)

Eq. (96) was derived by Bierman.'¢
Egs. (94) or (96) imply

A =¥A, ¥ + B 97
where
B; 2 V' HIR7'NRTH(V )T 98)
or
B; = H/N'H; %9)
where
N; 2 Cov(v)) = HiPFHT + R; (100)

Eq. (97), using Eq. (99) to define B;, and Eq. (93) to define ¥;,
was derived by Bierman.!6
Eq. (100) can be used to derive the original Bryson
smoother. We recognize that
PFH'R' =K, (Kalman and Bucy)* (101)

appears in Eq. (98). Thus, Eq. (98), with the help of Eq. (88)
becomes

= [PP17'K:N:R;'H;[I - P}S;) (102)
Now one also has
K; = PFHIN! (103)
Thus, substituting further
B; = S,(I-Pfs) (104
With this definition of B;, and Eq. (92) to define ¥,, Eq. (97)
becomes Eq. (13.2.12) in Bryson and Ho.6
To obtain a covariance smoother, one can substitute Eq.

(59) into Egq. (52) to obtain

1+1_®xS+Y +l(x1+l 1+l) (105)

subtracting X7, | = &7 gives the relation

j";-+l :+1 =& (x _xF) + Y +l (X,+1 :+1) (106)
Solving for &f —x/ gives
& -3 =Cix5,,— £ 718 (107)
where

C=%"'I-Y:P)) (108)
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Now the covariance of the left side is P/ — P} and the covari-
ance of %{,,—x.,, which appears on the right side, is
P llil P i+l . .
Thus Eq. (107) implies the relationship
P; = Pf —Cy(Pf,\— P, )C] (109)
Another derivation for the covariance smoother is by using
Eq. (59) in Eq. (68) giving

C; = PFoTPr (110)

Eqgs. (107), (109), and (110) correspond to the classic discrete
R-T-S smoother.

Mixed Discrete-Continuous Smoothing

Many applications are of a mixed type: discrete measure-
ments and continuous dynamics. In this case, a rigorous mixed
smoother is useful particularly when it is necessary to obtain a
high data rate of smoother output in comparison to the input
data rate. Bierman'® derived the analogue of the adjoint
smoother for the mixed problem from the discrete R-T-S
smoother. The form of this smoother is a solution of differen-
tial equations for A and A, with discrete updates at the mea-
surement times. The formulas for the differential equations
can be more directly obtained from the continuous adjoint
smoother, i.e., with § =0 giving

A= —FTx a1
A= ~FTA — AF (112

These equations are particularly attractive in that they do not
involve inverting PF, as in the continuous problem.

The discrete updates at the measurements can be obtained
from the discrete update formulas setting ®, =1, (the nxn
identity matrix). Using the Bierman form of the smoother
[Egs. (92), (96), (97), (99)] gives

A = (I —KHON + HIN v, (113)
= (I ~KHIA (I -KH)"+ HIN,'H, (114)

A covariance smoother for the same problem will yield the
same R-T-S smoother as for the continuous problem. There
are no discontinuities in PS5 and &° at measurement points, but
the derivatives are discontinuous. It is desirable to allow for
these discontinuities in integrating the differential equations.

Alternate Forms of the Discrete
Rauch-Tung-Striebel Smoother

In this section alternate forms of the R-T-S smoother that
have potential numerical advantages are discussed. Bierman'®
developed an algorithm that is particularly suited for systems
with a single component of process noise. In this form the
propagated covariance is written as a sum of squares, which,
as Bierman’s information solution, avoids the problem of dif-
ferencing. This also reduces computation exploiting the lower
dimension of the process noise. The numerical efficiency of
this algorithm loses its advantages with higher-order process
noise because it must be repeated once for every process noise
component. To handle multiple process noise components, it
is more efficient to exploit a generalization of the Bierman’s
basic formula to p dimensions developed by Watanabe.?®
Adopting Watanabe’s notation, the smoother backward recur-
sion relation is performed in two steps. (The notation in this
section is inconsistent with other sections.)

Xion = (LR + Tediye (115)

=8 x5 (116)
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Table 1 Comparison of discrete adjoint smoothers for the case of a single scalar measurement

Bryson s algomhm

Bierman’s algomhm

Operation Multlphcatlons Operatlon Multiplications
AN=0, \n=0 AN=0,)xN=0
S; =HJR'HT n? —
¥; = &;[I~PFS;) 2n3 ¥; = &;(I - KiH)) 2n?
B; = Si[I-PfSi] n? Ni =H1PinT;"Ri n?
Ni = HiPPHT + R; Yan? Bi = HIN;'H; Van?
AS = VTAS, Vi +B; 103 A5 = ¥TAS, ¥; +B; 14403
XN =¥ )\S+1+N 1HTR_l i n2 N =‘I’,-T7\i+1+H,'N,-_]V,' n?
Total computations 3%n3+4nd _— 1%n3+4%n?
& =xF—pelN"® 2n2 %5 =xP+ PPN n?
Ps = PF—PFeT psPF° 2V4n3 P§ = PP —PPASPP 1%4n3
Total computations 2% n3+2n2 —_— 1%4n3+n?
Combined total 6n3+5n2

N 3n3+5%n2

aThis is Eq. (68).
®This follows from Eq. (68).

Table2 Cvmputations for discrete R-T-S smoother

P = P Number of multiplications
% =25 —
= PFef (saved from filter)
Ci=LP7} 1% n3 (exploiting symmetry of

Pi.; when computing P;7})
% =2 + G, ~ %) n? |
Ps = PF — (PP -P5, )CT Van3 (exploiting symmetry
of r-h-s)
Total computations: 2n3 + n2

P, =LP;, L] + FkAkFZ (117)
% =@ Pia B! (118)
where
A 2 @IS T +Q7 D! (119)
Se = @7 )YP{ & = (@ PfE]) (120)
qc = @ ")PL %] (121)
K, 2 S,TuA, (122)
i 2 T{qu (123)
Ly =1 —T\K; (124)

Although these formulas appear more complicated than the
R-T-S, the computational savings is obtamed through exploit-
ing the followmg

1) ®;'is often available from &, wlthout much additional
computations.

2) Q is often a diagonal matrix.

3) ST can be computed directly from &, P{®] (which is
computed in the filter) without computing S;. '

4) A is low order e.g., a scalar.

5) Ly is a rank 1 matrix; these products such as L;P§,,
require only 2n2 comultiplications.

Computation Comparison of Smoothers

In Table 1, a summary of the two versions of the adjoint
smoothers are given: one as derived originally by Bryson and

the other by Bierman. As can be seen, for a scalar measure-
ment, Bierman’s is more than twice as efficient for large values
of n (1¥2n3 vs 4n%). As the number of measurements increases,
the number of computations increase, and the computational
advantage of Bierman’s algorithm decreases.

In the case of n measurements, the CPU leverage is 7¥2n3 vs
9van?.

In Table 2 the computatlons for the discrete R-T-S smoother
are summarized in comparlson As can be seen, if the
smoothed covariance is not desired at every point, Bierman’s
formulation ¢an be more efficient than the R-T-S, but
Bryson’s is less efficient. If the covariance is desired at every
point, then the R-T-S i is more ef! ficient than either formulation.
This efficiency increases as the number of measurements in-
creasés, Thus, the primary utility of the adjoint smoother is
due to superior numerical stablllty Using the transformed
algorithms for rank 1 process noise, the number of multxphca—
tions is approximately the same, i.e., 2n3+3%n?, as the dis-
crete R-T-8 smoother, assuming that the inverse of the transi-
tion matrix is available without additional computations.
However, it should share the numerical advantages of Bier-
man’s adjoint smoother, but it is more efficient.

Conclusions

Some historical fixed-interval smoothers were revisited theo-
retically, using variation calculus first introduced by Bryson
and Frazier. It was shown to provide a theoretical basis for
both the discrete and continuous smoothers. The notion of
complementary models, introduced by Weinert and Desai and

establishing a mutual dual relationship within the smoothing
problem, permitted us to take a shortcut to derive the contin-
uous Rauch-Tung-Striebel (R-T-S) smoother from Bryson’s
continuous smoother adjoint smoother. Viewed from the
“‘complementary model point of view,”” the Bryson-Frazier
and the R-T-S smoothers are the same algorithm!

In the process of deriving the discrete Bryson-Frazier
smoothers, we also derived a discrete smoother, originally
derived by Bierman, that is twice as fast as the Bryson-Frazier
algorithm. The Bierman algorithm is not as efficient as the.
R-T-S smoother. Transformations of the R-T-S smoother in-
troduced by Bierman and Watanabe were reviewed. These
forms are competitive with the R-T-S smoother under special
circumstances and share the advantage of the Bryson-Frazier-
Bierman algorithm in that they avoid differencing matrices.

The avoidance of numerical stability problems in filtering
and smoothing would not be complete without a discussion of
factorized methods. But that is the subject of another paper.
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